suggested. The experimental results show that the average deviation of the suggested solution method is less than 0.05 per cent with respect to optimum.
Introduction
In many real-life vehicle routing problems it is important to consider the risk and time associated with turns, i.e., the cost of the turn. Moreover, some turns, especially Uturns, can be forbidden. This last implies that a vehicle route made with a classical graph route generator may be illegal if it does not respect the traffic signals. For example, Figure 1 shows a traffic signal located in an arterial avenue from Valencia (Spain). It indicates that the next two left turns are forbidden and the way to dodge them. These forbidden turns cannot be taken into account if we model the city map with a classical graph.
Considering turn penalties and forbidden turns is particularly important in downtown areas and for large-size vehicles. But also turn penalties are important in order to save time in tours on foot. From Figure 2 it is easy to see that going on foot, right turn a → b can be considered with zero cost, while turn a → c is much more time-consuming, because it implies to cross two streets, with up to two traffic lights.
Usually the real-life vehicle routing software are based on separate modules for shortest path calculation and vehicle route optimization. The latter is based on given time and distance matrices, calculated typically in the beginning with the shortest path procedure. In this context, the distance and time calculation are based on fixed and known stopping points (usually addresses) for the vehicles and the possible turn penalties and forbidden turns are taken into account during the shortest path calculation. However, in practice, there are several applications where the exact stopping points are not known a priori and are part of the optimization problem, such as mail collection and delivery, waste collection and street maintenance operations. In these cases, including turn penalties and forbidden turns in the vehicle routing model is very important. So far research on extended vehicle routing models with turn penalties and forbidden turns has been scarce. For previous research, see Benavent and Soler (1999) , Clossey et al (2001) , Corberán et al (2002) and Soler et al (2008) , that generalize several wellknown single vehicle routing problems to the existence of turn penalties. They provide theoretical results about complexity and resolution and/or computational results on these extensions. The last cited work studies the most general problem, the Mixed General Routing Problem (MGRP) with turn penalties, that includes all the cases studied in the previous cited papers. MGRP consists of finding a minimal cost closed walk on the links of a mixed graph G which traverses a given subset of "required" links and a given subset of "required" vertices.
With respect to multivehicle routing problems, early papers that considered turn penalties focused on real-life applications and heuristic solution methods. See for example Bodin et al (1989) and Roy and Rousseau (1989) . Later, turn penalties have been considered in the context of the Mixed Capacitated Arc Routing Problem (MCARP), see for example Bautista and Pereira (2004) and Belenguer et al (2006) . The MCARP is an arc routing problem, in which a fleet of vehicles (with a known capacity) is based on a specified vertex (the depot) and must service a subset of the links of a mixed graph, with minimum total cost and such that the load assigned to each vehicle does not exceed its capacity and each link is serviced by exactly one vehicle. Bautista et al (2008) present two ant colony metaheuristics for a real urban waste collection problem. This real problem is modeled as a particular case of the MCARP with turn penalties, in which they only consider two kind of turns: forbidden or allowed with zero cost. Finally, Perrier et al (2008) heuristically solve a real vehicle routing problem in the context of snow plowing operations that also takes into account the existence of forbidden turns.
The multivehicle extension (with capacity constraints) of the MGRP is called the Mixed Capacitated General Routing Problem (MCGRP). Due to its complexity, there are only few works on MCGRP, see e.g. Jansen (1993) who studied the undirected case and Pandit and Muralidharan (1995) . However, particular cases of the MCGRP, such as the capacitated arc routing problem (CARP) and the capacitated vehicle routing problem (CVRP) have attracted a huge amount of research.
In this paper we present a generalization of the MCGRP that considers turn penalties and forbidden turns. The objective is to minimize the sum of the costs of the traversed arcs and edges together with the penalties associated with the turns made.
We call the new problem the Mixed Capacitated General Routing Problem with Turn Penalties (MCGRPTP).
As far as we know, this is the first time that MCGRPTP is presented in the literature. Moreover, there is no previous research on multivehicle node routing problems with turn penalties. In this paper we also present for the first time an approach for solving capacitated routing problems with turn penalties, through suggesting a new polynomial transformation from the MCGRPTP to an asymmetric CVRP (ACVRP).
To be more precise, the transformation is done in two steps: we first transform the MCGRPTP into a generalized VRP (GVRP), using a new approach suggested in this paper. The key idea of GVRP, compared to CVRP is that in GVRP each customer has several alternative service locations, and only one of them has to be selected for service.
For more details on GVRP, see e.g. Ghiani and Improta (2000) . In the second step we transform the GVRP into an ACVRP, using a model presented in Soler et al (2009) .
Finally, we present a set of new benchmark problems and a very powerful memetic algorithm for the ACVRP, based on a previous study by Nagata and Bräysy (2009) .
The experimental results show an average deviation equal to 0.05% for instances with known optimal solution and that large-size problems can be solved with the suggested MA.
The suggested transformation makes it possible to use also any other powerful algorithm developed for ACVRP, see e.g. Fischetti et al (1994) , Vigo (1996) or the more recent heuristic by De Franceschi et al (2006) .
The remainder of this paper is organized as follows. Section 2 introduces some definitions and notations in order to formally define and solve the MCGRPTP. In Section 3, through two transformations, we prove that the MCGRPTP can be transformed in polynomial time into a Generalized Vehicle Routing Problem (GVRP). It is known (Soler et al (2009) ) that the GVRP can be transformed into an ACVRP, so in Section 4 we show computational results for several sets of ACVRP benchmarks. Finally, in Section 5 we present our conclusions.
Definitions and notations
First, to our aim, we formally define two known problems cited before: the Asymmetric Capacitated Vehicle Routing Problem (ACVRP) and the Generalized Vehicle Routing Problem (GVRP). The second one is an extension of the ACVRP, introduced by Ghiani and Improta (2000) , that can model several real-world situations and that will be the "cornerstone" to solve our problem:
The ACVRP is defined as follows: As in other papers cited in the introduction, in all the capacitated routing problems discussed here, we will consider k to be equal to the minimum number of vehicles needed to serve all demands.
The GVRP is defined as follows: Next, we need to show some concepts and notations that have been used in previous works on turn penalties:
has an associated turn at v, based on going from a to b, denoted as [ab] . Moreover, if a, b ∈ E, the same pair has another associated turn at v, based on going from b to a, denoted as [ba] . Each edge e incident with v has an associated U-turn at v that, if necessary, will be denoted by [eve] . Each link in G has associated a nonnegative cost and each allowed turn in G has associated a nonnegative penalty. The cost of a feasible chain is defined as the sum of the costs of the arcs it traverses plus the sum of the penalties of the turns it makes. A v-s feasible chain from a to b is
Note that a feasible chain is defined such that it begins at a link and ends at a turn. This is very important in the context of forbidden or penalized turns. In classical routing problems, if we have to go from a vertex u to a vertex v and then to a vertex w, we only have to connect the shortest path from u to v with the shortest path from v to w. But even if these shortest paths have been constructed taking into account turn conditions, the connection of both paths at v can give rise to an unavoidable forbidden turn (U-turn for example). In our case, the connection between two feasible chains at a vertex v is possible only if the first one ends at a turn [(t, v) (v, s) ] and the second one begins at the link (v, s), which avoids the existence of forbidden turns. Therefore, we cannot use paths between vertices as in the classical way, and this increases the difficulty of modeling how to serve demands at vertices, specially if these vertices have undesirable turns.
With these previous concepts we can formally define the problem that we study in this paper. The Mixed Capacitated General Routing Problem with Turn Penalties (MCGRPTP) is defined as follows: 
Find k closed feasible chains in G, one for each vehicle, that minimize the total cost and such that each chain passes through the depot, each demand is served by only one vehicle and the total demand served by each vehicle does not exceed its capacity W .
Note that allowing all the turns with zero penalties at the depot is due to the fact that in real-world situations, the depot normally represents a warehouse from which the vehicles begin their journey and to which they return. It makes no sense considering forbidden/penalty turns in the warehouse as the truck leaves from depot independently of the route the truck made before. Moreover, these warehouses are usually placed outside the cities with good road communications and of easy access.
Hereinafter and as in similar papers, each non-required edge will be replaced by two arcs of the same cost and opposite direction; then we assume that all edges in the graph are required (E R = E, with R = E R ∪ A R ). Finally, for simplicity, we will not write the middle turns of a feasible chain. For example, the feasible chain {a, [ab] 
In the particular case of the MCGRPTP in which V R = ∅, we have the MCARP with turn penalties, and in the particular case of the MCGRPTP in which k = 1 we have the MGRP with turn penalties. Therefore, the problem presented here generalizes both the single vehicle and the multivehicle routing problems with turn penalties studied in the literature.
Solving the MCGRPTP
To solve the MCGRPTP, we will first transform it into a GVRP, which in turn can be transformed into an ACVRP.
Transformation of the MCGRPTP into a GVRP
Let G = (V, E, A) be a mixed graph where a MCGRPTP is defined, E ∪ A R being the required link set and V R the required vertex set. Due to the fact that in the GVRP the demand is at the vertices, we will transform graph G in which we have defined the MCGRPTP into a directed graph G * Note that traversing only one of these required arcs a v ij in G involves passing
= (V *
Note that in the last paragraph we have written required in quotes because for each v ∈ V R 2 , only one of the generated arcs must be served.
After this transformation we have a directed graph G = (V , A ) such that the subset A R comes from the required arcs, required edges and required vertices in G.
A R will give rise to a partitioned set of vertices V * in the graph G * in which we will define the GVRP. Each arc between two of these vertices that do not form part of the same subset, will have associated the cost of the shortest feasible chain between the two corresponding links in G .
From G we then construct the graph G * = (V * , A * ) as follows:
with as many copies of a vertex x a as copies of arc a appear in G , all of them with the same corresponding demand.
-For each pair of opposite required arcs e 1 , e 2 ∈ A R that come from a required edge e in G, associate a vertex set S e in G * with as many copies of vertices x e 1 and x e 2 as copies of arcs e 1 and e 2 respectively appear in G , all of them with the same corresponding demand.
-For each pair of vertices -There is no arc between vertices belonging to the same S i .
Given an MCGRPTP in G, we define a GVRP in G * where the vertex set V * is partitioned into the following subsets: S v for all v ∈ V R 1 ∪ {v 0 } (hereinafter we will denote the subset corresponding to the depot by We will suppose in this graph that all U-turns are forbidden except at vertex 1 (the depot) at which all turns are allowed with penalty zero, and in the rest of the vertices, right turns (according to the drawing of the graph) have penalty 1, left turns have penalty 3 except for the turn from arc b to arc (2, 1) that is considered forbidden, and going straight ahead, as it occurs in the turn from arc a to edge e, has penalty zero. Starting from the information given by the initial graph G = (V, E, A), where -T i traverses arc a 1 (corresponding to the depot node 1 in G).
-T i traverses arc a ∈ A R iff T i traverses a copy of arc a in G .
-T i traverses edge e ∈ E iff T i traverses a copy of arc e 1 or a copy of arc e 2 in G .
-T i has the same cost as T i .
-Moreover, we will suppose that if
, then T i satisfies the demand located at a v (one and only one arc a v ij ) (one and only one copy of arc a in G ) (one and only one copy of e 1 or e 2 in G ). 
of k feasible closed chains in G as follows:
-If T L i traverses a copy of arc e 1 or a copy of arc e 2 in G , with e ∈ E, replace this copy in T L i by edge e.
-Any other link or turn in T
satisfies the demand located at a v (one and only one arc a v ij ) (one and only one copy of arc a in G ) (one and only one copy of e 1 or e 2 in G ). 
It is evident that B
L = {T L i } k i=1 is a solution to the MCGRPTP in G with c(B L ) = c * (L),
this last due to the fact that for all i, c(T
Therefore, B L opt is an optimal MCGRPTP in G.
Solving the GVRP in G *
through an ACVRP 
Going on with our example, from the graph G * where the GVRP is defined ( Figure   5 ) we define the ACVRP in the digraphĜ (see Figure 6 ) where, for simplicity again, the pairs of arcs (x r , x t ) and (x t , x r ) with x r ∈ S i , x t ∈ S j and i = j have been drawn as lines with two arrow heads, one at each end, and the arc costs (normally different for each direction) have been omitted. Figure 6 shows the cost zero "intraset" arcs and the demand assigned to each vertex. For example, vertex 5, belonging to V R 2 and with demand 10 in G, has associated the set S 5 in G * with four vertices that inĜ have demands 2, 2, 3 and 3, respectively. Figure 7 shows the optimal solution H to the ACVRP inĜ given in Figure 6 corresponding to our example; it consists of two cycles:
with associated cost 7 + 7 + 22 + 3M = 36 + 3M (these arc costs will be deduced above when explaining the solution to the MCGRPTP in G) and the demand served by this cycle is q a + q b = 25 + 25 = 50. Let us find the optimal solution to the MCGRPTP in G given by these cycles, according to the proof of Theorem 1. - Therefore, joining the chains we have the following feasible tour in G , From T 2 , we construct the feasible closed chain with the same cost as T 2 in G, T 2 = {(1, 4)(4, 5)(5, 6)(6, 4)(4, 1)[(4, 1), (1, 4)]}, that assumes the demands of vertex 5 belonging to V R 2 , of arc (5, 6) and of edge (4, 6) (10+20+20). 
Computational experiments
The aim of this section is to show that the transformation presented here can be considered as a good tool to solve MCGRPTP instances, at least heuristically due to the complexity of the problem. That is, if there exists any competitive procedure to solve the ACVRP, we can solve MCGRPTP instances within a reasonable running time. To do this, we first present a powerful heuristic algorithm for the ACVRP based on the memetic algorithm (MA) for the (symmetric) CVRP proposed by Nagata and Bräysy (2009) . MA is a population-based heuristic search approach that combines evolutionary algorithm with local search algorithm. Although there are other heuristic approaches for the ACVRP, as those cited in the introduction, we selected the above mentioned MA because it is shown to be currently the most powerful heuristic method for the CVRP, and it can be applied to the ACVRP by a straightforward extension.
Here the suggested MA has been tested on a set of 32 ACVRP instances by Pessoa et al (2007) . We have also applied the MA to a set of 126 single vehicle instances by Soler et al (2008) because the optimal solutions are known to these instances. Finally, the MA has been applied to a set of 336 ACVRP instances with up to 623 vertices that come from the transformation of MCGRPTP instances.
The MA for the ACVRP
The main feature of the MA by Nagata and Bräysy (2009) is that the edge assembly crossover (EAX) operator generates offspring solutions by combining edges of two solutions selected as parents from the population. The generated offspring solutions may violate the capacity constraint. In this case, a subsequent local search-based repair procedure is used to restore the feasibility of the temporarily infeasible solutions.
Moreover, a simple local search is applied to the obtained feasible solutions according to a standard MA procedure.
Note that the EAX was adapted to the ACVRP by defining it on the directed graph whereas the original EAX for the symmetric CVRP was defined on the undirected graph. The MA by Nagata and Bräysy minimized the total travel distance without putting any constraint on the number of vehicles and the number of vehicle was also a decision variable. However, according to the literature and therefore to the definition of the ACVRP given here, in the ACVRP the travel distance must be minimized with a given number of vehicles. So we have made a new version of the MA that minimizes the total travel distance for a fixed number of vehicles. The suggested MA has been implemented in C++ and has been executed on a ADM Opteron 2.4 GHz computer.
For each instance, the MA has been executed five times.
Results for the ACVRP instances
We first analyze the efficiency of the two MA versions (fixed or variable number of vehicles) on a set of 32 ACVRP instances with known upper bounds that appear in the work by Pessoa et al (2007) , which are variants of the 8 benchmark ACVRP instances given in http://or.ingce.unibo.it/research/cvrp-and-dcvrp. As far as we know, the work by Pessoa et al is the most recent paper with computational results on the ACVRP.
The results for the 32 ACVRP instances without constraint on the number of vehicles are presented in Table 1 . The columns in the table list instance names (Instance), the capacity of the vehicles (C), the number of vehicles and the total travel distance of the best-known upper bound solutions (k and U B), the number of vehicles and the total travel distance of the best result in five runs (best-k and best-d.) with our MA, the average number of vehicles and the average total travel distance in these five runs (ave-k and ave-d.) , and the average computation time in seconds for a run (Time). We can see that in four instances out of the 32 instances the MA has improved the best known upper bound by using one more vehicle, and in the other 28 instances the solution given by the MA coincides with the best known solution both in the total travel distance and in the number of vehicles.
We also have run the MA with fixing a priori the number of vehicles equal to the one given in the best known solution (see third column in Table 1 ). In this case, in all of the 32 instances the total travel distance obtained with the MA coincides with the best known upper bound, with running time similar to the one given in Table 1 .
Therefore, the table corresponding to these results has been omitted.
In Table 2 We can see from Table 2 that the results obtained with the MA are very good.
The MA was able to optimally solve 86 instances out of the 126 instances, with 0.05% average deviation.
Solving MCGRPTP instances with the MA
We applied the MA to solve also three sets of random MCGRPTP instances with up to 700 arcs, 160 (required) edges, 160 vertices, 225 required arcs, and 28 required vertices, which are transformed into ACVRP instances with up to 623 vertices. As far as we know, the largest ACVRP instance described in the literature until now has 300
vertices.
Next we describe the data generation procedure for each set.
The first set was generated from the 128 single vehicle instances given by Soler et al (2008) , and we obtain two MCGRPTP instance sets (one with vehicle capacity 1000 and the other with vehicle capacity 2000) as follows:
We choose the depot node as the first required vertex in the numerical order. In this node all turns are changed to be allowed with zero cost.
Each required arc, required edge and required vertex will have a randomly generated integer demand in range [13, 120] , [7, 60] , and [50, 120] respectively.
Note that when we transform one of these MCGRPTP instances into an The second set contains 32 MCGRPTP instances generated from 16 of the biggest single vehicle instances by Corberán et al (2002) . Each original instance is first transformed into an MGRP with turn penalties instance with the procedure explained in Soler et al (2008) and then transformed into two MCGRPTP instances (one with capacity 1000 and the other with capacity 2000) with the procedure given above for the first set. These 32 instances form the ACVRP instances with number of vertices in the interval [235, 406] .
Finally, the third set contains 48 instances that have been obtained from 24 new large single vehicle instances randomly generated with the same instance generator used by Corberán et al (2002) . These 48 MCGRPTP instances are transformed into ACVRP instances with the number of vertices in the interval [382, 623] .
In these three sets we have used the MA version with variable number of vehicles in order to obtain best upper bounds with respect to the total travel distance. The appendix shows a table containing all data and results corresponding to each individual MCGRPTP instances. In this table, each instance is named as Ixxy, where xx indicates the subset to which the instance belongs and y indicates the number of the instance inside that subset. The first 24 subsets correspond to the first set of (128) instances, subsets 25 to 27 correspond to the second set of (16) instances and subsets 28 to 31 correspond to the third set of (24) The MA was able to find feasible solutions for all 336 instances including the largesize instances with up to 600 vertices, within a reasonable computation time, as reported in the appendix. The computation times vary from a few seconds to more than one hour depending on the problem size. We consider the reported computing times reasonable, given the size and complexity of the considered ACVRP instances.
Based on these results, one can conclude that at least medium-size real-world MCGRPTPs can be solved by a state-of-the-art heuristic method for the ACVRP through their transformation into an ACVRP as explained here. By the way, we have generated a large number of instances to the, until now, limited set of ACVRP benchmarck instances. Of course these new instances will be available to any researcher interested on them.
Conclusions
In this paper we have studied a generalization of the MCGRP including turn penalties and forbidden turns. Through an intermediate transformation into a GVRP, we have provided a procedure to transform it into an ACVRP. Then, at least from a theoretical point of view, this generalization can be solved both optimally and heuristically with existing algorithms. We have also introduced a set of new benchmark problems and adapted a recent and powerful memetic algorithm to ACVRP. The experimental results
show an average deviation equal to 0.05% for instances with known optimal solution and that large-size problems can be solved with the memetic algorithm.
We are convinced that research on turn penalties will increase and be of important value in the future to reduce the gap between theoretical research and real-life applications. We hope that the theoretical and experimental results presented here can be used in the future as ideas or tools to test the efficiency of specific procedures to solve capacitated routing problems with turn penalties.
